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We reformulate the standard Lagrangian formulation to a reparameterisation in-
variant Lagrangian formulation by means of Finsler and Kawaguchi geometry. In
our formulation, various types of symmetries that appears in theories of physics
are expressed geometrically by symmetries of Finsler (Kawaguchi) metric, and the
conservation law of energy-momentum arise as a part of Euler-Lagrange equations.
The Euler-Lagrange equations are given geometrically in reparameterisation invari-
ant form, and the conserved energy-momentum currents can be obtained more easily,
than by the conventional Lagrangian formulation. The application to scalar field,
Dirac field, electromagnetic field and general relativity are introduced. Especially,
we propose an alternative definition of energy-momentum current of gravity, which
satisfies gauge invariance under on-shell condition.
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2I. INTRODUCTION
It is essential for an action integral to be defined independent of parameters so that the
variational principle (the Hamilton’s least action principle) becomes a geometrical expres-
sion. Namely, the Lagrangian of the system needs to be reparameterisation invariant. The
standard way to derive the conservation law of the energy (energy-momentum current for
field theory) is by the Noether’s theorem in accord with the translational symmetry. How-
ever, in the reparameterisation invariant system, it appears as a part of Euler-Lagrange
equations.
Let us take an example of a particle moving in the Schwarzschild spacetime:
L(xµ, x˙µ) = mc
√
gµν(x)x˙µx˙ν , g =
(
1− a
r
)
(dx0)2 − (dr)
2
1− a/r − r
2{(dθ)2 + sin2 θ(dϕ)2}.
The Euler-Lagrange equations are given by,

0 =
d
dτ
(
mcgµ0x˙
µ√
gαβ x˙αx˙β
)
,
0 =
mc
2
∂gµν
∂xi
x˙µx˙ν
/√
gαβx˙αx˙β − d
dτ
(
mcgµix˙
µ√
gαβx˙αx˙β
)
.
with , i = 1, 2, 3. Notice that the first equation is what we call the energy conservation
law of a relativistic particle. This happens because the action of a relativistic particle is
reparameterisation invariant, and only three equations out of four are independent. There
is no reason that we should not choose this first equation as the equation of motion. The
energy conservation law and the equations of motion are equivalent, in this sense.
We see the same mechanism in the model of a free bosonic string. The Lagrangian of
Nambu-Goto action is,
L(Xµ, X˙µ, X ′µ) = κ0
√
(X˙µX ′µ)2 − (X˙µX˙µ)(X ′νX ′ν),
with X˙µ =
∂Xµ
∂τ
,X ′µ =
∂Xµ
∂σ
. The Euler-Lagrange equations are,
0 =
∂
∂τ

κ0 (X
′)2X˙µ − (X˙ ·X ′)X ′µ√
(X˙ ·X ′)2 − (X˙)2(X ′)2

+ ∂∂σ

κ0 (X˙)
2X ′µ − (X˙ ·X ′)X˙µ√
(X˙ ·X ′)2 − (X˙)2(X ′)2

 ,
with µ = 0, 1, . . . , N . These equations contain the conservation law of the energy-momentum
current. We can see this by taking the spacetime parameters, τ = X0, σ = X1, then the
3equation for µ = 0 (µ = 1) becomes the conservation law of energy (momentum) current.
This is also because the Nambu-Goto action is reparameterisation invariant.
However, these are specific results when the action is reparameterisation invariant, and
without this invariance, such equations does not appear as Euler-Lagrange equations, even
if it is a conserved system. Nevertheless, it is known that any Lagrangian system of finite
degrees of freedom can be rewritten in a reparameterisation invariant form without affecting
its physical contents [14, 20, 21, 23, 25].
In this paper, we will further extend these results and show how to consider every La-
grangian systems of standard physical theory by the framework of reparameterisation in-
variant Lagrangian formulation. Conventionally, Lagrangian system is described by a set
of configuration space and Lagrangian (Q,L), but in general, this (Q,L) is not a geometric
space. In the reparameterisation invariant Lagrangian formulation, we will use the extended
configuration spaceM := Rn+1×Q instead of Q, and Finsler metric F (or Kawaguchi metric
(areal metric) K for field theory) as a Lagrangian. The pair (M,F ) (for field theory, (M,K))
becomes a geometrical space; a space endowed with a length (area), which is invariant under
reparameterisation. The solution obtained by taking the variation of the action becomes
an oriented curve (oriented k-dimensional submanifold) in the Finsler (Kawaguchi) mani-
fold. Since the action is given by taking the integral of the Finsler (Kawaguchi) metric over
the oriented curve (oriented k-dimensional submanifold), the Euler-Lagrange equations de-
rived from this action are apparently reparameterisation invariant, and therefore the energy
(energy-momentum) conservation law appears as their part. Thus, the previous examples
could be reinterpreted as follows.
The first example, a relativistic particle moving in Schwarzschild spacetime is described
by the Finsler manifold:
M = R× R+ × S2, F = m
√
gµν(x)dxµdxν ,
and the Nambu-Goto string is described by the Kawaguchi manifold [10]:
M = RN+1, K = κ0
√
−1
2
(dXµ∧dXν)(dXµ∧dXν), (dXµ = ηµνdXν) .
As we mentioned, these are the special cases where the Lagrangian already had the property
of reparameterisation invariance. However, our formulation is not restricted to such special
cases, and we will later show some examples for the Lagrangian without this property.
4In the next section, we will give the definition of Finsler and Kawaguchi manifold used
in our formulation. The Finsler-Kawaguchi Lagrangian formulation is described in section
3, and the examples of a point particle, scalar field, Dirac field, and electromagnetic field
are introduced successively in section 4. We show that energy-momentum conservation law
in the standard sense appears in the Euler-Lagrange equations. In section 5, we apply
the theory to general relativity and Palatini f(R) gravity, and derive conserved currents
naturally as in the same way introduced in section 4. We propose that such quantities could
be interpreted as energy-momentum currents of gravitational theories.
II. FINSLER AND KAWAGUCHI MANIFOLD
A Finsler manifold (M,F ) is a natural extension of a Riemannian manifold. M is a
differentiable manifold and the function F defined by
F : D(F ) ⊂ TM → R, F : v ∈ D(F ) 7→ F (v) ∈ R, F (λv) = λF (v), ∀λ > 0, (1)
is called the Finsler metric or the Finsler function [2, 5, 17]. D(F ) is a sub-bundle of the
tangent bundle TM where the Finsler function is well-defined. Usually, in mathematical
literatures, a slit tangent bundle TM◦ = TM \ {0} is taken for this sub-bundle D(F ).
However, from the viewpoint of physics, we need to consider it as a more general sub-bundle
of TM , since it is not guaranteed that we could always have the function F on the whole
TM◦. The last condition in (1) is called the homogeneity condition. The Finsler function
gives a vector a geometrically well-defined norm, due to this condition.
In this paper, we formulate the application of Finsler geometry to a Lagrangian system
and derive its equations of motion and conserved currents. Since the standard Lagrangians
of physics are given in local coordinates, we will also give the definition of a Finsler manifold
(M,F ) in local coordinates. Let M be an (n + 1)-dimensional differentiable manifold and
U be a subset of M . The Finsler metric is written as a function of the coordinates xµ and
the 1-forms dxµ with (µ = 0, 1, . . . , n), on U . The latter dxµ could be also regarded as
adapted coordinates on TM . Throughout this paper, we have introduced definitions such as
to make these two interpretations completely interchangable. In this way, several concepts
such as prolongation which usually requires lengthy descriptions becomes quite simple. The
5homogeneity condition is expressed by,
F (xµ, λdxµ) = λF (xµ, dxµ) , ∀λ > 0. (2)
The Finsler metric gives a tangent vector v ∈ D(F )p ⊂ TpM its norm by,
F (xµ(p), dxµ(v)) = F (xµ(p), vµ) ∈ R. (3)
Standard literatures of mathematics also assumes the following conditions:
i) (positivity) F (v) > 0
and
ii) (regularity) gµν(x, dx) :=
1
2
∂2F 2
∂dxµ∂dxν
, det (gµν(x, dx)) 6= 0.
However, for our motivation, these conditions are not necessary. The only requirement for
our theory is the homogeneity condition (2).
Next, we will define the Finsler length of an oriented curve c on M by,
A[c] =
∫
c
F :=
∫ s1
s0
F
(
xµ(s),
dxµ(s)
ds
)
ds, (4)
where c : [s0, s1]→M , is called a parameterisation and xµ(s) = xµ(c(s))Cdx
µ(s)
ds
=
dxµ(c(s))
ds
.
Notice that we used the same symbol c for both submanifold and paramameterisation using
bold face for the former. The pull back of F = F (xµ, dxµ) by the map c is naturally
considered as c∗F := F (c∗xµ, c∗dxµ), then the Finsler length A[c] becomes an integration
of a 1-form c∗F over the interval [s0, s1]. A[c] does not depend on its choice of parameter
owing to the homogeneity condition (2). In this sense, it is a well defined geometrical length
for the oriented curve c.
The field theory can be also formulated by the infinite dimensional Finsler manifold.
In this case, the theory is reparameterisation invariant only with respect to the “time”
parameter. However, we will show that the mathematical structure becomes more simple if
we use the Kawaguchi manifold. It introduces us to a finite dimensional configuration space
formulation.
A Kawaguchi manifold (M,K) is a natural generalisation of Finsler manifold to a multi-
dimensional parameter space. It is also called the k-dimensional areal space [11]. Here, M is
an N -dimensional differentiable manifold and K is called the Kawaguchi metric. K defines
a k-dimensional area for an oriented k-dimensional submanifold of M (1 < k ≤ N). We can
6construct its definition in parallel to Finsler geometry. A Kawaguchi metric (or Kawaguchi
function) K is a function such that satisfies:
K : D(K) ⊂ ΛkTM → R, K : v[k] 7→ K(v[k]), K(λv[k]) = λK(v[k]), ∀λ > 0, (5)
whereD(K) is assumed to be a sub-bundle of ΛkTM , and v[k] = 1
k!
vν1ν2···νk ∂
∂xν1
∧ ∂
∂xν2
∧ · · · ∧ ∂
∂xνk
∈
ΛkTpM is a k-vector, which express the k-dimensional oriented surface element at point
p ∈ M . The last condition in (5) is called the homogeneity condition of Kawaguchi metric.
Again, since the usual field Lagrangians are given in coordinate expression, we also give the
definition of a Kawaguchi manifold (M,K) in local coordinates.
Let xµ (µ = 1, . . . , N) be the local coordinates of M . We define the Kawaguchi metric
as the function of xµ and k-form dxµ1µ2···µk := dxµ1∧dxµ2∧ · · · ∧dxµk (µi = 1, 2, . . . , N, i =
1, 2, . . . , k). The latter k-form could be also regarded as coordinate functions on ΛkTM , but
as in the case of Finsler, we opt to consider them as some variables on M , expressing the
first-order derivatives. In these local coordinates, the homogeneity condition becomes,
K (xµ, λdxµ1µ2···µk) = λK (xµ, dxµ1µ2···µk) , ∀λ > 0. (6)
As a generalisation of Finsler metric, Kawaguchi metric gives a geometric norm to a k-vector
v
[k] by,
K
(
xµ(p), dxµ1µ2···µk(v[k])
)
= K (xµ(p), vµ1µ2···µk) ∈ R, (7)
and by integration, defines the k-dimensional area to a k-dimensional oriented submanifold
σ by:
A[σ] =
∫
σ
K :=
∫
W⊂Rk
K
(
xµ(s1, s2, · · · , sk), ∂(x
µ1 , xµ2 , · · · , xµk)
∂(s1, s2, · · · , sk)
)
ds1∧ds2∧ · · · ∧dsk. (8)
Here, the map σ : W ⊂ Rk → M is called a parameterisation of σ, and the variables in (8)
are understood as, xµ(s1, s2, · · · , sk) = xµ (σ(s1, s2, · · · , sk))C and
∂(xµ1 , xµ2 , · · · , xµk)
∂(s1, s2, · · · , sk) :=
∣∣∣∣∣∣∣∣∣∣∣∣
∂xµ1
∂s1
∂xµ1
∂s2
· · · ∂xµ1
∂sk
∂xµ2
∂s1
∂xµ2
∂s2
· · · ∂xµ2
∂sk
...
∂xµk
∂s1
∂xµk
∂s2
· · · ∂xµk
∂sk
∣∣∣∣∣∣∣∣∣∣∣∣
.
7We define the pull back of the Kawaguchi functionK by the map σ as σ∗K := K (σ∗xµ, σ∗dxµ1µ2···µk).
Then, by using the homogeneity condition,
σ∗K = K
(
xµ(s1, · · · , sk), ∂(x
µ1 , · · · , xµk)
∂(s1, · · · , sk) ds
1∧ · · · ∧dsk
)
= K
(
xµ(s1, · · · , sk), ∂(x
µ1 , · · · , xµk)
∂(s1, · · · , sk)
)
ds1∧ · · · ∧dsk
becomes a k-form on W . Consequently, A[σ] becomes a reparameterisation invariant area
of σ.
III. COVARIANT LAGRANGIAN FORMULATION
Finsler geometry originated when considering the geometry of calculus of variations.
Therefore, it is a natural setting for formulating the variational principle considered in
physics.
Firstly, we will explain how to handle the Lagrangian system with finite degrees of freedom
in terms of Finsler geometry. It would be ideal if we could start from the definition of Finsler
manifold (M,F ) completely in a covariant fashion, namely, without any specific choice of
M . Physicists, however, always fix the “time” parameter during their experiments, and it
is this physicist’s view point we have to take into account. So, we will start our discussion
with the pair of configuration space and Lagrangian: (Q,L). Note that this implies we have
already selected a certain “time” parameter, and chose the theoretical model as L (qi, q˙i, t).
We will construct our Finsler manifold (M,F ) in accord to this model (Q,L), and it is given
by the following [14, 23]:
M := R×Q, F (xµ, dxµ) := L
(
xi,
dxi
dx0
, x0
)
dx0, (9)
with µ = 0, 1, · · · , n, i = 1, 2, · · · , n. M is the product space of time and configuration
space Q, and is called the extended configuration space. It is easy to check that the above
F (xµ, dxµ) satisfies the homogeneity condition (2), and therefore is a Finsler metric. By the
reparameterisation invariant property of Finsler metric, the choice of the “time” parameter
does not affect its physical meaning. We will call this Finsler metric a covariant Lagrangian
and our method a covariant Lagrangian formulation.
The trajectory of a point particle (an oriented curve c which satisfies the equations of
motion) in the extended configuration space is determined by the principle of least action.
The action integral is given by A[c] = ∫
c
F .
8The Euler-Lagrange equations determine the extremal curve c. We set the initial point
p0 and the final point p1 on M , and consider a differentiable map ϕ : [−ε0, ε1] ×M → M ,
ϕ(ε, ) := ϕε : M → M . The map ϕε satisfies the conditions ϕ0 = idM , ϕε(p0) = p0,
ϕε(p1) = p1, and ϕε′ ◦ ϕε = ϕε′+ε, (ϕε)−1 = ϕ−ε. Such ϕ is called a flow on M . Let the
vector field X ∈ Γ(TM) be a generator: ϕε = Exp(εX). We define the variation of the
curve by δc =
d
dε
∣∣∣∣
ε=0
ϕε(c). The principle of least action is described by
0 = δA[c] := d
dε
∣∣∣∣
ε=0
A[ϕε(c)] = d
dε
∣∣∣∣
ε=0
∫
ϕε(c)
F =
d
dε
∣∣∣∣
ε=0
∫
c
ϕ∗εF. (10)
Now, choose a parameterisation of the curve as c : [s0, s1] → M , c(s0) = p0, c(s1) = p1.
Then (10) becomes,
d
dε
∣∣∣∣
ε=0
∫
c
ϕ∗εF =
d
dε
∣∣∣∣
ε=0
∫ s1
s0
c∗ϕ∗εF =
∫ s1
s0
d
dε
∣∣∣∣
ε=0
F (xµ(ϕε(c(s))), dx
µ(ϕε(c(s)))) . (11)
The integrand of the last part of (11) is evaluated as,
c∗δF = δxµc∗
(
∂F
∂xµ
)
+ dδxµc∗
(
∂F
∂dxµ
)
= d
[
δxµc∗
(
∂F
∂dxµ
)]
+ δxµ
[
c∗
(
∂F
∂xµ
)
− d
{
c∗
(
∂F
∂dxµ
)}]
. (12)
Here we used the notation δxµ =
d
dε
∣∣∣∣
ε=0
xµ(ϕε(c(s))) = c
∗LXxµ = c∗Xµ, and LX is the Lie
derivative by the vector field X = Xµ
∂
∂xµ
. The term
∂F
∂dxµ
is considered as a function
of xµ and dxµ, so c∗
(
∂F
∂dxµ
)
=
(
∂F
∂dxµ
)
(c∗xµ, c∗dxµ). In the calculation of
∫
c
δF , the
contribution from the first term of (12) vanishes, because the vector field X has the condition
X(c(s0)) = X(c(s1)) = 0 at the end points. For the other points, there are no restrictions
for δxµ = c∗Xµ. Therefore, the condition that the action is at its extremum becomes,
0 = c∗
{
∂F
∂xµ
− d
(
∂F
∂dxµ
)}
, (µ = 0, 1, . . . , n), (13)
and such curve c is called the extremal of the action A[c]. We call (13) the Euler-Lagrange
equations. These equations are reparameterisation invariant, since they are derived from a
reparameterisation invariant action integral. Notice that the reparameterisation invariant
property makes them dependent on each other.
We also comment on the Noether’s theorem. Let us assume that the system has a certain
symmetry. It is convenient to use the generalised expression of Lie derivative, and its action
9to the Finsler metric F with respect to the vector field v = vµ
∂
∂xµ
is given by,
LvF := Lvxµ ∂F
∂xµ
+ Lvdxµ ∂F
∂dxµ
= vµ
∂F
∂xµ
+ dvµ
∂F
∂dxµ
. (14)
The vector field v which satisfies LvF = 0 is called the symmetry of F . In other words, it is
a Killing vector field of F . This definition (14) gives the same result as Lpr(1)vF = pr(1)v(F ),
when dxµ is interpreted as the adapted coordinates of TM , and the prolongation of v to
TM is given by,
pr(1)v = vµ
∂
∂xµ
+ dvµ
∂
∂dxµ
. (15)
We call this a covariant prolongation of v, or a vertical lift of v. It is possible to compare this
to the standard expression using jet bundle formulation [19]. Considering x0 as a parameter,
we have
LvF = v0 ∂F
∂x0
+ va
∂F
∂xa
+ dv0
∂F
∂dx0
+ dva
∂F
∂dxa
= v0
∂F
∂x0
+ va
∂F
∂xa
+
dv0
dx0
(
F − ∂F
∂dxa
dxa
)
+ dva
∂F
∂dxa
= v0
∂F
∂x0
+ va
∂F
∂xa
+
(
dva
dx0
− dv
0
dx0
dxa
dx0
)
∂F
∂x˙a
+
dv0
dx0
F, (a = 1, 2, . . . , n) (16)
where we used the homogeneity condition
∂F
∂dxµ
dxµ =
∂F
∂dx0
dx0 +
∂F
∂dxa
dxa = F, (17)
to obtain second equality, then with x˙a :=
dxa
dx0
and the relation
∂
∂dxa
=
∂x˙b
∂dxa
∂
∂x˙b
=
1
dx0
∂
∂x˙a
,
obtained the third equality. Rewriting the coordinates by the notation following [19], i.e.,
t := x0, qa := xa, ξ := v0, φa := va, q˙a :=
dxa
dx0
,
∂
∂t
:=
∂
∂x0
,
∂
∂q˙a
=
∂
∂x˙a
,
and taking F = L
(
x0, xa,
dxa
dx0
)
dx0, we obtain the equation
p˜r(1)v(L) + LDiv(ξ) = 0, (18)
where
p˜r(1)v = ξ
∂
∂t
+ φa
∂
∂qa
+
(
dφa
dt
− dξ
dt
q˙a
)
∂
∂q˙a
, Div(ξ) =
dξ
dt
. (19)
10
The group of transformation satisfying equation (18) is called a variational symmetry in
[19], and p˜r(1)v is the prolongation with respect to the bundle structure. The equation (18)
is equivalent to our LvF = 0, but notice that our expression is much simpler, due to the
fact that we consider no fibration. In practice, considering Lv as the standard Lie derivative
and calculation such as
Lvdxµ = d (Lvxµ) = dvµ, LvF = (Lvxµ) ∂F
∂xµ
+ (Lvdxµ) ∂F
∂dxµ
, (20)
is sufficient to obtain the same result as in the conventional framework. From the point of
calculational efficiency, this is also a notable result.
Considering
LvF = d
[
vµ
∂F
∂dxµ
]
+ vµ
{
∂F
∂xµ
− d
(
∂F
∂dxµ
)}
,
under the assumption that Euler-Lagrange equations are satisfied; namely, the curve c is
the extremal, we obtain a conservation law:
c∗d
[
vµ
(
∂F
∂dxµ
)]
= 0, (21)
This is the expression of the Noether’s theorem by our formalism.
If the Lagrangian L does not contain x0 explicitly (i.e. a conserved system), the Finsler
metric constructed by (9) also does not include x0. In this case, x0 is called a cyclic coordi-
nate, and its Euler-Lagrange equation for µ = 0 represents the energy conservation law of
this system. On the other hand, the conservation law is also obtained directly by inserting
the generator v =
∂
∂x0
to (21). Either way leads to the same expression.
Secondly, we will move on to the field theory, that is the Lagrangian system with infinite
degrees of freedom. As we have mentioned in the beginning of this section, it would be
better if we could start from the definition of the Kawaguchi manifold (M,F ), with general
M . However, under normal circumstances, we can only observe the nature by fixing the
“spacetime”, namely the parameter space W , as we have fixed the “time” parameter for the
case of dynamical systems. Therefore, we will start by considering the standard Lagrangian
system (E
π→ W,Q,L), where E π→ W, Q are the vector bundle and its fibre [4, 19]. We
choose the total space E to be our Kawaguchi manifold M , dimM = dimW + dimQ. The
Kawaguchi metric K is constructed from the Lagrangian L
(
uA,
∂uA
∂xµ
)
as follows [20, 25],
K
(
za, dzabcd
)
= L
(
uA,
εµνρσ
3!
dxνρσ∧duA
dx0123
)
dx0123. (22)
11
Here, (za) := (xµ, uA), a = 0, 1, . . . , D + 3, µ = 0, 1, 2, 3, A = 1, 2, . . . , D, where D is the
degree of freedom of fields. The totally anti-symmetric Levi-Civita symbol εµνρσ, (µ, ν, ρ, σ =
0, 1, 2, 3) has the convention: ε0123 = −1. Note that the field variables: uA are treated as
independent variables, just as the spacetime coordinates xµ are. This is the major difference
from the standard Lagrangian formulation. The K constructed in this way satisfies the
homogeneity condition (6), and we obtain our Kawaguchi manifold, (M,K). The second
argument of (22) may look a little complicated, nevertheless, its pull back with respect to the
spacetime parameters, namely xµ, gives the standard variables,
∂uA
∂xµ
. The action integral is
given by A[σ] = ∫
σ
K, where σ is a 4-dimensional oriented submanifold in M . As before,
the least action principle is described by the map ϕε = Exp(εX) on M which is fixed on the
boundary. Then the variation of K by X becomes,
σ∗δK = δzaσ∗
(
∂K
∂za
)
+
1
3!
dδza∧dzbcdσ∗
(
∂K
∂dzabcd
)
= d
[
δzaσ∗
(
1
3!
∂K
∂dzabcd
dzbcd
)]
+ δza
[
σ∗
(
∂K
∂za
)
− d
{
1
3!
σ∗
(
∂K
∂dzabcd
dzbcd
)}]
,
(23)
where we had taken arbitrary spacetime parameterisation σ : W → σ ⊂ M . Next, we set
zaε (s) := z
a(ϕε(σ(s))), and differentiate σ
∗ϕ∗εK = K(z
a
ε (s), dz
a
ε (s)∧dzbε(s)∧dzcε(s)∧dzdε (s))
with respect to ε. By similar considerations as in the case of Finsler, we obtain the Euler-
Lagrange field equations,
0 = σ∗
{
∂K
∂za
− d
(
1
3!
∂K
∂dzabcd
dzbcd
)}
. (24)
These equations are reparameterisation invariant, and again, at least four of them are de-
pendent on each other.
The Noether’s theorem could be also obtained for the field theory. The expression of gen-
eralised Lie derivative of the Kawaguchi metric K with respect to the vector field v = va
∂
∂za
on M is now given by
LvK := Lvdza ∂K
∂za
+ Lvdzabcd 1
4!
∂K
∂dzabcd
= va
∂K
∂za
+
1
3!
dva∧dzbcd ∂K
∂dzabcd
. (25)
The vector field v such that satisfies LvK = 0 is called the symmetry of K, or the Killing
vector field ofK. Under the condition that the system satisfies the Euler-Lagrange equations,
we obtain
σ∗d
[
va
(
1
3!
∂K
∂dzabcd
dzbcd
)]
= 0, (26)
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as a conservation law.
If the Lagrangian L does not include the coordinates (x0, x1, x2, x3) explicitly, they become
cyclic coordinates, and the equations (24) for a = 0, 1, 2, 3, will represent the conservation
law of energy-momentum. The same conservation law could be also derived by inserting the
Killing vector v =
∂
∂za
, a = 0, 1, 2, 3 to (26).
IV. EXAMPLES
From this section, we will omit the pull back symbol c∗ (σ∗ for Kawaguchi) unless we
need to emphasize, for notational simpilicity. However, it is important to keep in mind that
these equations hold only on the submanifold, c (σ).
A. Newtonian mechanics
We begin with an example of Newtonian mechanics, using the Lagrangian formulation
of Finsler geometry. Let L be the Lagrangian of a potential system for an n-dimensional
space: L =
n∑
i=1
m
2
(q˙i)2 − V (q1, q2, · · · , qn). Here, m is the mass of the particle. We define
the Finsler manifold (M,F ) by,
M = {(x0, x1, · · · , xn)} ≃ Rn+1, F (xµ, dxµ) =
n∑
i=1
m(dxi)2
2dx0
− V (x1, · · · , xn)dx0. (27)
Note that this F is defined only on the sub-bundle D(F ) = TM \ {dx0 = 0}. The Euler-
Lagrange equations become,
0 = −d
(
∂F
∂dx0
)
= d
[
n∑
i=1
m
2
(
dxi
dx0
)2
+ V (xi)
]
, (28)
0 =
∂F
∂xi
− d
(
∂F
∂dxi
)
= −∂V
∂xi
dx0 − d
(
m
dxi
dx0
)
, (i = 1, 2, . . . , n). (29)
The reparameterisation invariance gives us the freedom to choose the time parameter s,
c : [s0, s1] → M . The standard choice is to take s = x0, that is, c∗x0 = s, c∗dx0 = ds,
c∗xi = xi(s), c∗dxi =
dxi(s)
ds
ds, and one can verify that (28), (29) gives the conventional
conservation law of energy and equations of motion. However, from the perspective of the
covariant Finsler formulation, such choice of parameterisation is not obligatory, and we may
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take a parameterisation such as s = x1, under the assumption we are only considering on
the local coordinate system. This is one of the significant results of our formalism.
The conservation law (28) can be also derived from the Noether’s theorem, namely,
L ∂
∂x0
F =
∂F
∂x0
= 0 ⇒ d
(
∂F
∂dx0
)
= 0. (30)
B. Scalar field theory
The first example of field theory is the real scalar field theory on 4-dimensional Minkowski
spacetime (R4, η). In local coordinate system, η = ηµνdx
µ ⊗ dxν , η00 = −η11 = −η22 =
−η33 = 1 and ηµν = 0, (µ 6= ν). The conventional Lagrangian is L = 12∂µφ∂µφ − V (φ),
where V (φ) is the potential term. The Kawaguchi manifold obtained from this Lagrangian
becomes
M = {(xµ, φ)} ≃ R4 × R, K = −(dxµνρ∧dφ)(dx
µνρ∧dφ)
2 · 3!dx0123 − V (φ)dx
0123, (31)
M is the extended configuration space, and we use abbreviations and notations such as
dxµνρ := dxµ∧dxν∧dxρ, dxµ := ηµνdxν . By (31), D(K) = Λ4TM \ {dx0123 = 0}. The
Euler-Lagrange equations are derived by using (24),
0 = d
[
dxµνρ∧dφ
2!dx0123
dxνρ∧dφ−
{
−(dxαβγ∧dφ)(dx
αβγ∧dφ)
2 · 3!(dx0123)2 + V (φ)
}
1
3!
εµνρσdx
νρσ
]
, (32)
0 = −V ′(φ)dx0123 + d
{
−dxµνρ∧dφ
3!dx0123
dxµνρ
}
. (33)
It is also possible to derive these equations by directly calculating the variation, (23). Usu-
ally, for more complex systems, the calculation is more simple by the latter method. We
can naturally define a energy-momentum current in the covariant form,
J˜µ :=
dxµνρ∧dφ
2!dx0123
dxνρ∧dφ−
{
−(dxαβγ∧dφ)(dx
αβγ∧dφ)
2 · 3!(dx0123)2 + V (φ)
}
1
3!
εµνρσdx
νρσ, (34)
for µ = 0, 1, 2, 3. To avoid confusion, the quantities on the Kawaguchi manifolds are denoted
with a tilde .˜ The four equation of motion (32) indicates that these currents are conserved,
namely dJ˜µ = 0. This means d
(
σ∗J˜µ
)
= 0 for arbitrary spacetime parameterisation σ.
As in the previous example, the coordinates xµ, (µ = 0, 1, 2, 3) are cyclic coordinates,
and therefore it is possible to see the conservation law directly as a part of Euler-Lagrange
equations.
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Now we will look into the details of this simple example of scalar field theory. From our
point of view, the conventional theory in the framework of Minkowski spacetime corresponds
to the case where a specific parameterisation is chosen in the set up of Kawaguchi manifold.
We rewrite the coordinate functions of Kawaguchi spacetime as za, (a = 0, 1, . . . , 4), where
(za) := (xµ, φ). The ordinary choice of parameterisation σ is expressed by σ(x) : W ⊂
R4 → M, σ∗zµ = xµ, σ∗z4 = φ(x). This means that we are simply taking the coordinates
of Minkowski spacetime as parameters. The pull back of the Kawaguchi metric to the
parameter space becomes,
σ(x)∗K = −(dxµνρ∧dx
α ∂αφ)(dx
µνρβ ∂βφ)
2 · 3!dx0123 − V (φ)dx
0123
=
{
−εµνρ
α εµνρβ ∂αφ ∂βφ
2 · 3! − V (φ)
}
dx0123 =
{
1
2
∂µφ ∂µφ− V (φ)
}
dx0123,
which is just the conventional Lagrangian function times the volume form of Minkowski
spacetime. The second equality is obtained by the cancelation of dx0123 which appears by
the pull back on the numerator.
Next, we will also pull back the Euler-Lagrange equations by this specific parameterisa-
tion, σ(x). Consider φ(x) as a function of xµ, and treating d as an exterior derivative, we
get,
dx123∧dφ
dx0123
dx123 = −dx
1230∂0φ
dx0123
dx123 = ∂0φ dx
123, therefore, the pull back of (33) by σ(x)
becomes,
0 = −V ′(φ)dx0123 + d (−∂0φ dx123 − ∂1φ dx023 − ∂2φ dx031 − ∂3φ dx012)
=
{−V ′(φ)− ∂20φ+ ∂21φ+ ∂22φ+ ∂23φ} dx0123,
which is the standard wave equation of φ. Similarly, the pull back of energy-momentum
current (34) for µ = 0, 1 becomes,
J0 =
(
∂1φ dx
23 + ∂2φ dx
31 + ∂3φ dx
12
)∧dφ+ {1
2
∂µφ∂µφ+ V (φ)
}
dx123
=
{
(∂0φ)2+(∂1φ)2+(∂2φ)2+(∂3φ)2
2
+ V (φ)
}
dx123 + ∂0φ∂1φdx
023 + ∂0φ∂2φdx
031 + ∂0φ∂3φdx
012,
J1 =
(
∂0φ dx
23 − ∂3φ dx02 + ∂2φ dx03
)∧dφ− {1
2
∂µφ∂µφ+ V (φ)
}
dx023
= ∂0φ∂1φdx
123 +
{
(∂0φ)2+(∂1φ)2−(∂2φ)2−(∂3φ)2
2
− V (φ)
}
dx023 + ∂1φ∂2φdx
031 + ∂1φ∂3φdx
012,
which is also the well-known definition of the standard energy-momentum current.
A well-established approach to deal field theory by means of geometry is to use a fibre
bundle (normally a vector bundle) structure, where the base manifold is the 4-dimensional
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spacetime, and the fields are described by the section of the bundle. The theory formulated
on such structure does not depend on the coordinates of the base manifold, meaning that
we can use arbitrary spacetime coordinates fµ(xν) as spacetime parameters. This is the
standard meaning of covariance. On the contrary, we have formulated the field theory on
a Kawaguchi manifold, without any reference to fibred structures. In such approach, the
spacetime coordinates and field variables are treated equally as coordinate functions of the
Kawaguchi manifold, and coordinate transformations of the type f˜µ(xν , φ), φ denoting the
field, does not change the theory. We call such a property, an extended covariance.
To see this more clearly, first consider a free relativistic particle moving in a Minkowski
spacetime (M, η). By special relativity, we know that there is no specific time coordinate
for M , and this means we can always choose an appropriate time parameter to describe
the trajectory of the particle. The geodesic is obtained as an extremal of the action, by
performing the calculus of variation. In this case, (M,F ), F =
√
ηµνdxµdxν is the Finsler
manifold where we constructed the Lagrangian formulation, F is the Lagrangian and the
geodesic is a submanifold ofM . On the other hand, the non-relativistic description of the free
particle is to consider a fibre bundle where the base space U is the space of time parameter,
usually a subset of R, and total space is a direct product, i.e., M = U ×R3. In this case, the
geodesic of the particle is given by a section of this fibre bundle. In such sense, the general
covariance is a property arising from the deletion of the bundle structure. The construction
of Lagrangian formulation on Kawaguchi manifold (M,K) does the same for the case of field
theory. We have removed the fibre bundle structure of the standard field theory (where the
base space was given by U ∈ R4 and total space by M = U ×Σ), and instead of considering
the field configuration as its section, gave it as a 4-dimensional submanifold of the total
space M . Performing calculus of variation determines the spacetime, as the extremal. The
extended covariance is a property obtained by deleting the bundle structure.
C. Dirac field theory
The next example is the theory of free Dirac field. The conventional Lagrangian is
given by L = i
2
(
ψ¯γµ∂µψ − ∂µψ¯γµψ
) − mψ¯ψ, where ψ is a spinor, and ψ¯ := ψ†γ0 is its
Dirac conjugate. We also supressed the indices, such as ψ = (ψA), ψ¯ = ψ†γ0 = (ψ¯A),
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γµψ = ((γµ)BAψ
A). The Kawaguchi manifold becomes,
M = {(xµ, ψ, ψ¯)} ≃ R4 × C4,
K =
1
2 · 3!
(
ψ¯γ5γµνρdx
µνρ∧dψ − dψ¯∧dxµνργµνργ5ψ
)−mψ¯ψdx0123, (35)
with the convention γ5 = iγ0γ1γ2γ3 and γµνρ = γ[µγνγρ] (γ012 = γ0γ1γ2, γ011 = 0 etc.). The
Euler-Lagrange equations are derived by using (24),
0 = d
(
− ψ¯γ
5γµνσdx
µν∧dψ + dψ¯∧dxµνγµνσγ5ψ
2 · 2! +
1
3!
εµνρσmψ¯ψdx
µνρ
)
, (36)
0 =
1
3!
γ5γµνρdx
µνρ∧dψ −mψdx0123, (37)
0 = − 1
3!
dψ¯∧dxµνργµνργ5 −mψ¯dx0123. (38)
Since spinors are Grassmann variables, note that differentiation with respect to ψ (ψ¯) must
be taken by the right (left) derivatives. The equation (36) are the conservation laws of
energy-momentum currents. As in the previous examples, the coordinates xµ, (µ = 0, 1, 2, 3)
are cyclic coordinates, and this is the reason we can see the conservation law directly as a
part of Euler-Lagrange equations. Similar discussions will follow for the choice of arbitrary
parameters and the relation to the conventional theory.
D. Electromagnetic field theory
From the conventional Lagrangian of free electromagnetic field: L = −1
4
F µνFµν , we
obtain our Kawaguchi manifold as,
M = {(xµ, Aµ)} ≃ R8, K = (F˜∧dxρσ)(F˜∧dx
ρσ)
4dx0123
, (dx0123 6= 0), (39)
where F˜ = dAµ∧dxµ. The Euler-Lagrange equations are derived as,
0 = d
{
F˜∧dxρσ
dx0123
F˜∧dxρ + εµνρσ (F˜∧dxαβ)(F˜∧dx
αβ)
4 · 3!(dx0123)2 dx
µνρ +
F˜∧dxµν
2dx0123
dAσ∧dxµν
}
, (40)
0 = d
(
F˜∧dxρσ
2dx0123
dxµρσ
)
. (41)
Equation (40) represents the conservation law of energy-momentum current of electromag-
netic field, and we can define the current by
J˜µ =
F˜∧dxρµ
dx0123
F˜∧dxρ − εµνρσ (F˜∧dxαβ)(F˜∧dx
αβ)
4 · 3!(dx0123)2 dx
νρσ +
F˜∧dxρσ
2dx0123
dAµ∧dxρσ. (42)
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The pull back of the equations (40) and (41) to the parameter space by σ(x) is:
0 = d
(
−1
4
ερσµνFρσFαβdx
αβν +
1
4 · 3!εµνρσFαβF
αβdxνρσ +
1
4
εαβρσFαβdAµ∧dxρσ
)
, (43)
0 = −∂νF µνdx0123. (44)
The last term of the pull backed current (43) is not gauge invariant with respect to the usual
gauge transformation Aρ → Aρ + ∂ρχ. However, by using (44), this term becomes an exact
term,
1
4
εαβρσFαβdAµ∧dxρσ = d
(
1
4
εαβρσAµFαβdx
ρσ
)
.
E. Maxwell-Dirac field theory
Here we will combine the last two examples, and consider the Dirac field interacting with
the electromagnetic field. The Kawaguchi manifold is given by,
M = {(xµ, Aµ, ψ, ψ¯)} ≃ R8 × C4, K = KMaxwell +KDirac, (45)
where
KMaxwell :=
(F˜∧dxρσ)(F˜∧dxρσ)
4dx0123
, (dx0123 6= 0), (46)
KDirac :=
1
2 · 3!
(
ψ¯γ5γµνρdx
µνρ∧Dψ − D¯ψ¯∧dxµνργµνργ5ψ
)−mψ¯ψdx0123. (47)
The covariant derivatives are defined by Dψ = dψ − ieAµdxµψ and D¯ψ¯ = dψ¯ + ieAµdxµψ¯.
The Euler-Lagrange equations become,
0 = d
{
− F˜∧dxµρ
dx0123
F˜∧dxρ − εµνρσ (F˜∧dxαβ)(F˜∧dx
αβ)
4 · 3!(dx0123)2 dx
νρσ +
F˜∧dxρσ
2dx0123
dAµ∧dxρσ (48)
− ψ¯γ
5γµνρdx
νρ∧Dψ + D¯ψ¯∧dxνργµνργ5ψ
2 · 2! −
1
3!
εµνρσmψ¯ψdx
νρσ +
1
3!
ieψ¯γνρσγ
5Aµψdx
νρσ
}
,
(49)
0 =
1
3!
ieψ¯γ5γνρσdx
µνρσψ − d
{
F˜∧dxρσ
2dx0123
dxµρσ
}
, (50)
0 =
1
3!
γ5γµνρdx
µνρ∧Dψ −mψdx0123, (51)
0 = − 1
3!
D¯ψ¯∧dxµνργµνργ5 −mψ¯dx0123. (52)
18
The equation (48) expresses the energy-momentum conservation law of Maxwell-Dirac field
theory. This Kawaguchi metric has a gauge symmetry described by the vector field,
G =
←−
∂
∂ψ
(ieΛψ)− ieψ¯Λ
−→
∂
∂ψ¯
+
∂Λ
∂xµ
∂
∂Aµ
, (53)
where, Λ = Λ(xµ) is an arbitrary function of xµ. The corresponding transformation is
the usual gauge transformation we are familiar with: δψ(= LGψ) = ieΛψ, δψ¯ = −ieψ¯Λ,
δAµ =
∂Λ
∂xµ
, δxµ = 0, δDψ = ieΛDψ, δD¯ψ¯ = −ieΛD¯ψ¯, and δF˜ = 0. One can check the
condition LGK = 0 easily. Taking the variation of the Kawaguchi metric by the vector field
G under on-shell conditions generates a conserved current:
J˜G :=
LGψ¯γ5γµνρψ + ψ¯γµνργ5LGψ
2 · 3! dx
µνρ + LGAµ F˜∧dxρσ
2dx0123
dxµρσ
= ieΛ
(
ψ¯γµνργ
5ψ
) 1
3!
dxµνρ +
∂Λ
∂xµ
F˜∧dxρσ
2dx0123
dxµρσ. (54)
Its exterior derivative becomes,
0 = dJ˜G = Λd
{
ie
ψ¯γµνργ
5ψ
3!
dxµνρ
}
+
∂Λ
∂xµ
{
ie
ψ¯γνρσγ
5ψ
3!
dxµνρσ + d
(
F˜∧dxρσ
2dx0123
dxµρσ
)}
.
(55)
This is the Noether’s theorem. Since the functions Λ and
∂Λ
∂xσ
are arbitrary, we have the
electric charge conservation law,
dJ˜e = 0, J˜e = −ieψ¯γ
5γµνρψ
3!
dxµνρ, (56)
and Maxwell equations (50).
V. APPLICATION TO GENERAL RELATIVITY
Application to the Hilbert action of Einstein’s general relativity requires a more gener-
alised Kawaguchi manifold; higher-derivative areal space, since the action includes second
order derivatives. It takes two steps to define higher-derivative areal space: higher-derivative
extension of Finsler metric, and areal extension of the former.
Higher-derivative Kawaguchi metric defines the length of the oriented curve on mani-
fold M as a function of higher-order derivatives. Second order Finsler metric, which is
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usually called Kawaguchi metric, F (xµ, dxµ, d2xµ), for instance, is defined as a function of
xµ, dxµ, d2xµ (µ = 0, 1, 2, . . . , n) which satisfies the second order homogeneity condition,
F (xµ, λdxµ, λ2d2xµ + ξdxµ) = λF (xµ, dxµ, d2xµ), ∀λ > 0, ∀ξ ∈ R. (57)
Differentiation of the above condition with respect to λ and ξ gives
∂F
∂dxµ
dxµ + 2
∂F
∂d2xµ
d2xµ = F, (58)
∂F
∂d2xµ
dxµ = 0, (59)
after setting λ = 1, ξ = 0, respectively. This is the the well-known Zermelo’s condition [12,
18, 26].
The condition (57) implies the Zermelo’s condition. A parameterisation c(s) : [s0, s1] →
c ⊂M of the oriented curve c determines the pull back of xµ, dxµ, d2xµ as
c(s)∗xµ = xµ(c(s)) := xµ(s), c(s)∗dxµ = dxµ(s) =
dxµ(s)
ds
ds, (60)
c(s)∗d2xµ := d
(
dxµ(s)
ds
ds
)
= d
(
dxµ(s)
ds
)
ds+
(
dxµ(s)
ds
)
d2s :=
d2xµ(s)
ds2
ds2, (61)
and the pull back of F is given by
c∗F := F
(
c∗xµ, c∗dxµ, c∗d2xµ
)
= F
(
xµ(s),
dxµ(s)
ds
,
d2xµ(s)
ds2
)
ds. (62)
The length of the oriented curve c is then defined by
A[c] =
∫ s1
s0
F
(
xµ(s),
dxµ(s)
ds
,
d2xµ(s)
ds2
)
ds. (63)
In fact, another parameterisation c˜(t) : [t0, t1]→ c yields
∫ t1
t0
F
(
xµ(t),
dxµ(t)
dt
,
d2xµ(t)
dt2
)
dt =
∫ t1
t0
F
(
xµ(t),
ds
dt
dxµ(s)
ds
,
(
ds
dt
)2
d2xµ(s)
ds2
+
d2s
dt2
dxµ(s)
ds
)
dt,
(64)
which corresponds to (63), thanks to the homogeneity condition (57).
Second order Kawaguchi metric (second order areal metric) K
(
za, dzabcd, dzefg∧d2zabcd)
is a function of za, dzabcd and dzefg∧d2zabcd := dzefg∧d(dzabcd), where za are coordinate
functions of a differentiable manifold M . The last argument expresses the second order
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derivatives by our notation. In order to keep the reparameterisation invariance, it is neces-
sary that the Kawaguchi metric satisfy the following condition,
K
(
za, λdzabcd, λ2dzefg∧d2zabcd + µefgdzabcd) = λK (za, dzabcd, dzefg∧d2zabcd) , ∀λ > 0, ∀µefg ∈ R.
(65)
Here, λ > 0 is the arbitrary constant also appeared in the the case of first order homogeneity
condition, and µefg are the constants in accord to the second order derivatives. They are
completely antisymmetric in the superscripts.
We call the pair (M,K) a second order Kawaguchi manifold, and (65) the second order
homogeneity condition. The second order homogeneity condition guarantees the Kawaguchi
manifold the important property of reparameterisation invariance.
From (65), we can obtain the generalised version of Zermelo’s condition to areal spaces
simply by differentiating the equtaion (65) with respect to λ and µefg and then setting λ = 1,
µefg = 0;
1
4!
∂K
∂dzabcd
dzabcd +
2
3!4!
∂K
∂dzefg∧d2zabcddz
efg∧d2zabcd = K, (66)
∂K
∂dzefg∧d2zabcddz
abcd = 0. (67)
Let σ be an oriented 4-dimensional submanifold embedded inM , and its parameterisation
given by σ0(s
0, s1, s2, s3) : W0 ⊂ R4 → σ ⊂ M . Our second order variable dzefg∧d2zabcd is
related to the standard second order derivative by the pull back of σ0 defined by,
σ∗0
(
dzefg∧d2zabcd) := ∂
(
ze, zf , zg, ∂(z
a,zb,zc,zd)
∂(s0,s1,s2,s3)
)
∂(s0, s1, s2, s3)
(
ds0123
)2
. (68)
Now, let σ1(t
0, t1, t2, t3) : W1 ⊂ R4 → σ be another parameterisation of σ, and suppose we
have an orientation preserving diffeomorphism f : W1 → W0, such that σ1 = σ0 ◦ f . Then,
the pull back of σ∗0
(
dzefg∧d2zabcd) by f becomes,
f ∗ ◦ σ∗0
(
dzefg∧d2zabcd) = ∂
(
ze, zf , zg, ∂(z
a,zb,zc,zd)
∂(t0,t1,t2,t3)
∂(t0,t1,t2,t3)
∂(s0,s1,s2,s3)
)
∂(t0, t1, t2, t3)
∂(s0, s1, s2, s3)
∂(t0, t1, t2, t3)
(
dt0123
)2
=
(
dt0123
)2 ∂
(
ze, zf , zg, ∂(z
a,zb,zc,zd)
∂(t0,t1,t2,t3)
)
∂(t0, t1, t2, t3)
+
(
dt0123
)2 ∂
(
ze, zf , zg, ∂(t
0,t1,t2,t3)
∂(s0,s1,s2,s3)
)
∂(t0, t1, t2, t3)
∂(s0, s1, s2, s3)
∂(t0, t1, t2, t3)
∂(za, zb, zc, zd)
∂(t0, t1, t2, t3)
. (69)
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The r.h.s. is equal to σ∗1
(
dzefg∧d2zabcd + µefgdzabcd), i.e., the standard relation σ∗1 = f ∗ ◦
σ∗0 does not hold for this variable, due to the non-linearity of dz
efg∧d2zabcd. Next, we
will define the pull back of second order Kawaguchi metric by σ0(s) such that, σ
∗
0K :=
K
(
σ∗0z
a, σ∗0dz
abcd, σ∗0dz
efg∧d2zabcd) . This is a 4-form on W0. We will further pull back this
σ∗0K to a 4-form on W1 by f . By considering the homogeneity condition (65) of K and the
relation (69), we find,
f ∗ ◦ σ0(s)∗K = σ1(t)∗K, (70)
despite the non-linearity of the second order variables. This property indicates that, as
in the case of Finsler or first order Kawaguchi metric, the integration of the second order
Kawaguchi metric K over σ also gives a reparameterisation invariant area for an oriented
4-dimensional submanifold of M :
A[σ] =
∫
σ
K :=
∫
W
K
(
σ∗za, σ∗
(
dzabcd
)
, σ∗
(
dzefg∧d2zabcd)) . (71)
Suppose we are given the usual Lagrangian of second order field theory, L
(
uA,
∂uA
∂xµ
,
∂2uA
∂xµ∂xν
)
,
then we can construct the second order Kawaguchi metric by,
K
(
za, dzabcd, dzefg∧d2zabcd)
= L
(
uA,
εµαβγ
3!
dxαβγ∧duA
dx0123
,
ενξηζ
3!
dxξηζ∧d
(
εµαβγ
3!
dxαβγ∧duA
dx0123
)/
dx0123
)
dx0123, (72)
where ε0123 = 1, ε0123 = −1,and (za) = (xµ, uA). The second order variable in (72) is a short
expression:
dxξηζ∧d
(
dxαβγ∧duA
dx0123
)
:=
dxξηζ∧d (dxαβγ∧duA) (dx0123)− (dxαβγ∧duA) dxξηζ∧d2x0123
(dx0123)2
.
One can check that the Kawaguchi metric constructed in this way satisfies the homogeneity
condition (65), and together with M = {(xµ, uA)}, we obtain the second order Kawaguchi
manifold, (M,K).
The Lagrangian of the vacuum general relativity with cosmological constant λ is given
by,
L =
√−g
(
− r
2κ
− λ
κ
)
, (73)
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where κ =
8πG
c4
, Rµν = R
α
µαν , r = g
µνRµν = R
µν
µν , with all Greek indices running from 0
to 3. The Kawaguchi manifold (M,K) constructed from this Lagrangian is,
M = {(xµ, gµν)} = {(za)} ≃ R14, (74)
K
(
za, dzabcd, dzefg∧d2zabcd) = 1
4κ
εµνρσ
√−g R˜µν∧dxρσ − λ
κ
√−g dx0123, (75)
R˜µν := gνξR˜µξ, R˜
µ
ξ := dΓ˜
µ
ξ + Γ˜
µ
λ∧Γ˜ λξ, Γ˜ µξ := gµζΓ˜ζξηdxη, (76)
Γ˜ζξη :=
1
2
(
εξαβγ
dxαβγ∧dgζη
3!dx0123
+ εηαβγ
dxαβγ∧dgξζ
3!dx0123
− εζαβγ dx
αβγ∧dgξη
3!dx0123
)
. (77)
Latin indices runs from 0 to 13, and if we use the unified coordinate system {(za)}, (dzabcd)
denotes
(
dx0123, dxαβγ∧dgµν), and (dzefg∧d2zabcd) denotes (dxρσζ∧d2x0123, dxρσζ∧d(dxαβγ∧dgµν)).
Here we emphasize that in our framework of Kawaguchi manifold, the variable gµν which
conventionally correspond to the metric of Riemannian manifold, is merely treated as a
coordinate function, similarly as the spacetime coordinates xµ. Each 10 components of the
symmetric matrix gµν represents independent coordinate function, and the variable gµν is
the inverse of this symmetric matrix gµν . In this sense, gµν does not represent any geometric
structure. The Kawaguchi metric is the only geometrical structure we need.
Before proceeding, let us check if this Kawaguchi metric is a plausible one. We pull
back K by the spacetime parameterisation σ(x), which we used to verify the case of scalar
field theory. The pull back by σ(x) actually corresponds to considering the variables gµν as
dependent variables of xµ. In this way, the pull back of (76) becomes the usual curvature
tensor, σ(x)∗R˜µν = 1
2
Rµναβdx
αβ , and the Kawaguchi metric becomes,
σ∗K =
√−g
(
− r
2κ
− λ
κ
)
dx0123, (78)
which is the standard Einstein-Hilbert Lagrangian 4-form.
The general expressions of Euler-Lagrange equations can be obtained by considering the
variational principle. However, in some cases, it is much more easier to directly take the
variation of the concrete Kawaguchi action, and we will take this approach. Remember,
that in the covariant Lagrangian formulation, taking the variation δ means to take the Lie
derivative with respect to arbitrary X ∈ Γ(TM), and Lie derivative is commutative with d.
For visibility, we will omit the pull back symbol σ∗ in the following discussion.
23
The variation of K becomes,
δK =
1
4κ
√−g
(
−1
2
εµνρσgξηR˜
µν∧dxρσ + εµηρσR˜µξ∧dxρσ + 2λgξηdx0123
)
δgξη
+ d
(
1
4κ
εµνρσ
√−ggνξδΓ˜ µξ∧dxρσ
)
+ δΓ˜ µξ∧
[
1
4κ
{
εµνρσd
(√−ggνξdxρσ)+√−g (εµνρσgνηΓ˜ ξη − εηνρσgνξΓ˜ ηµ)∧dxρσ}
]
− d
{
1
2κ
εµνρσ
√−g
(
R˜µν∧dxρ + 2λ
3!
dxµνρ
)
δxσ
}
+ d
{
1
2κ
εµνρσ
√−g
(
R˜µν∧dxρ + 2λ
3!
dxµνρ
)}
δxσ. (79)
The Euler-Lagrange equations described by the pull back of the parameterisation σ : W ⊂
R4 →M are the conditions for 4-dimensional submanifold σ to be an extremal submanifold
of A[σ]. We can use the following conditions to simplify the terms of δK:
Γ˜ µρν = Γ˜
µ
νρ, dgµν − gξνΓ˜ ξµ − gµξΓ˜ ξν σ= 0, (80)
where the sign
σ
= means the equality on the 4-dimensional submanifold σ embedded in M
(ref. Appendix A), and the second equality holds by,
gξνΓ˜
ξ
µ + gµξΓ˜
ξ
ν = Γ˜µν + Γ˜νµ =
(
Γ˜µνρ + Γ˜νµρ
)
dxρ =
εραβγ
3!
dxαβγ∧dgµν
dx0123
dxρ
σ
= −εραβγ
3!
(
dxβγ∧dgµν∧dxρ
dx0123
dxα +
dxγ∧dgµν∧dxρα
dx0123
dxβ +
dgµν∧dxραβ
dx0123
dxγ +
dxραβγ
dx0123
dgµν
)
= −3εραβγ
3!
dxαβγ∧dgµν
dx0123
dxρ − εραβγ
3!
dxραβγ
dx0123
dgµν
σ
= −εραβγ
4!
dxραβγ
dx0123
dgµν
σ
= dgµν . (81)
The term δΓ˜ µξ in Eq. (79) becomes zero under these conditions since,
εµνρσd
(√−ggνξdxρσ)+√−g (εµνρσgνηΓ˜ ξη − εηνρσgνξΓ˜ ηµ)∧dxρσ
= εµνρσ
√−g
(
1
2
gνξgαβdgαβ − gανdgαβgβξ
)
∧dxρσ +√−g
(
εµνρσg
νηΓ˜ ξη − εηνρσgνξΓ˜ ηµ
)
∧dxρσ
σ
= 0, (82)
where we have used (80) , substituted Γ˜ µν = Γ˜
µ
ναdx
α, and then used the Hodge star
relation,
(∗dxσ) := 1
3!
√−ggστετµνρ, dxµνρ = 1√−gεµνρτgτσ(∗dxσ). (83)
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Consequently, we obtain the Euler-Lagrange equations as,
0 = d
{
1
2κ
εµνρσ
√−g
(
R˜µν∧dxρ + 2λ
3!
dxµνρ
)}
(84)
0 = −1
2
εµνρσgξηR˜
µν∧dxρσ + 1
2
(
εµηρσR˜
µ
ξ + εµξρσR˜
µ
η
)
∧dxρσ + 2gξηλdx0123. (85)
The pull back of these equations by σ(x) are,
0 = d
{
1
κ
(Gσξ − λgσξ) (∗dxξ)
}
, Gσξ := Rσξ − 1
2
gσξr, (86)
0 = (rgξη − 2Rξη + 2λgξη)dx0123 = −2(Gξη − λgξη)dx0123, (87)
where ∗ is the Hodge operator (83).
The equation (87) is the usual Einstein equation, and therefore, we may say that (85) is
the Einstein equation with extended covariance. By the discussions in the previous section,
equation (84) coming from the variation with respect to xµ should be considered as a con-
servation law of the energy-momentum current. Let us define by J˜G, the energy-momentum
current of the gravitational field and by J˜λ, that of the cosmological term, namely,
J˜Gσ :=
1
2κ
εµνρσ
√−gR˜µν∧dxρ, J˜λσ :=
1
3!κ
λεµνρσ
√−gdxµνρ. (88)
Then, the equation (84) says that the total energy-momentum current: J˜σ = J˜
G
σ +J˜
λ
σ satisfies
the covariant energy-momentum conservation law, 0 = dJ˜σ. To consider on the parameter
space, namely, in the xµ coordinates, take the pull back by σ(x),
0 = d
(
JGσ + J
λ
σ
)
, JGσ := σ
∗J˜Gσ =
1
κ
Gσξ(∗dxξ), Jλσ := σ∗J˜λσ = −
λ
κ
gσξ(∗dxξ). (89)
The above expression of energy-momentum of general relativity is one of the main results
of the application of covariant Lagrangian formulation.
Among these equations (86) and (87), six equations are mutually independent, and the
conventional view is to choose them from the Einstein equations (87). Actually, when
the Einstein equation (87) holds, the total energy-momentum current Jσ is zero, and its
conservation equation (86) is automatically satisfied. Does this mean that the equation (89)
is a tautology? We claim this is not the case. Remember that the conservation law was
obtained as a part of the Euler-Lagrange equations. In the theory of extended covariance,
there are no differences in their importance.
In such extended covariant perspective, Einstein’s general relativity was just one case
where a specific choice of parameterisation was made. The same goes for the choice of
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equation of motions. The equations (85) which corresponds to the balancing of stress energy-
momentum tensor, were merely one choice for the fundamental equations, and there is no
reason not to choose the others, (84). Actually, by using the relations dgαβ = gξβΓ
ξ
α +
gαξΓ
ξ
β, dR
µ
ν+Γ
µ
ξ∧Rξν−Rµξ∧Γ ξν = 0 and dRµν+Γ µλ∧Rλν+Rµλ∧Γ νλ = 0, the equation
(86) becomes,
d
{
εµνρσ
√−g
(
Rµν∧dxρ + 2λ
3!
dxµνρ
)}
= εµνρσ
√−g
2
gαβdgαβ∧
(
Rµν∧dxρ + 2λ
3!
dxµνρ
)
+ εµνρσ
√−gdRµν∧dxρ,
= −2√−gΓ µξσ
(
Rµξ − 1
2
rgµξ − λgµξ
)
dx0123, (90)
which is just a linear combination of the standard Einstein equations, and is equivalent to
the four degrees of freedom (87).
Gauge symmetry
In our formulation, the general coordinate transformation is simply represented as a
geometrical symmetry of Kawaguchi metric. Let us consider a vector field:
G = fµ ∂
∂xµ
+
(
∂fµ
∂xρ
gρν +
∂f ν
∂xρ
gµρ
)
∂
∂gµν
, (91)
where fµ are functions of xµ. This is a generator of the gauge transformation of the
Kawaguchi metric. We can show easily that gαβdx
αdxβ is gauge invariant under this trans-
formation, i.e. LG(gαβdxαdxβ) = 0. We obtain the following transformation laws:
LGΓ˜ µξ = (LGgµζ)Γ˜ζξηdxη + gµζ(LGΓ˜ζξη)dxη + gµζΓ˜ζξηdLGxη,
LGΓ˜ζξη σ= −(∂ξ∂ηfµ)gζµ − (∂ζfµ)Γ˜µξη − (∂ξfµ)Γ˜ζµη − (∂ηfµ)Γ˜ζξµ,
LGΓ˜ µξ σ= −∂ξ∂ηfµdxη + (∂ζfµ)Γ˜ ζξ − (∂ξf ζ)Γ˜ µζ ,
Then, we can calculate the transformation of R˜µν ,
LGR˜µξ = d
(
LGΓ˜ µξ
)
+
(
LGΓ˜ µλ
)
∧Γ˜ λξ + Γ˜ µλ∧
(
LGΓ˜ λξ
)
σ
= (∂ζf
µ)R˜ζξ − (∂ξf ζ)R˜µζ
LGR˜µν σ= (∂ζfµ)R˜ζν + (∂ζf ν)R˜µζ .
26
This is equivalent to the standard transformation law of the Riemann curvature. Then, the
condition LGK = 0 can be checked as follows,
LGK =
(
LG 1
4κ
√−gεµνρσdxρσ
)
∧R˜µν + 1
4κ
√−gεµνρσdxρσ∧
(
LGR˜µν
)
σ
=
1
4κ
√−g
{
δαβµν (∂ζf
ζ)R˜µναβ − δαβζµνρ (∂ζf ρ)R˜µναβ − 2δαβµν (∂ζfµ)R˜ζναβ
}
dx0123
σ
=
√−g
4κ
{
2(∂ζf
ζ)R˜µνµν − 2(∂ζf ζ)R˜µνµν − 4(∂µf ρ)R˜µννρ − 4(∂ζfµ)R˜ζνµν
}
dx0123
σ
= 0,
where we have used
R˜µν
σ
=
1
2
R˜µναβdx
αβ, (92)
R˜µναβ :=
εαξηζ
3!
dxξηζ∧dΓ˜ µνβ
dx0123
− εβξηζ
3!
dxξηζ∧dΓ˜ µνα
dx0123
+ Γ˜ µλαΓ˜
λν
β − Γ˜ µλβΓ˜ λνα. (93)
It is easy to see that the conservation law of the Noether current becomes,
0 = d
[
1
2κ
εµνρσ
√−g
{
fσ
(
R˜µν∧dxρ + 2λ
3!
dxµνρ
)
− 1
2
(
∂fµ
∂xζ
Γ˜ ζν − gνξ ∂f
ζ
∂xξ
Γ˜ µζ
)
∧dxρσ
+
1
2
∂2fµ
∂xξ∂xη
gνξdxηρσ
}]
. (94)
Here, we used δK = LGK = 0 and the covariant Euler-Lagrange equations, (84) and (85).
This conservation law can be rewritten as,
0 = fσd
{
1
2κ
εµνρσ
√−g
(
R˜µν∧dxρ + 2λ
3!
dxµνρ
)}
− ∂f
χ
∂xζ
[
1
2κ
εµνρχ
√−g
(
R˜µν∧dxρζ + 2λ
3!
dxµνρζ
)
+
1
4κ
d
{
εµνρσ
√−g
(
δµχΓ˜
ζν − gνζΓ˜ µχ
)
∧dxρσ
}]
+
1
2
∂2fχ
∂xζ∂xη
[
1
2κ
εµνρσ
√−g
(
δµχΓ˜
ζν − gνζΓ˜ µχ
)
∧dxρση + 1
2κ
d
(
εµνρσ
√−gδµχgνζdxηρσ
)]
. (95)
Since fσ(xµ) are arbitrary functions of xµ, fσ and its derivative terms must vanish separately.
This is the second Noether’s theorem. It means that, we can obtain the conservation law of
the energy-momentum current J˜σ = J˜
G
σ + J˜
λ
σ also from the gauge symmetry (diffeomorphism
invariance of general relativity). This is the similar mechanism when we derived the charge
conservation law in the Maxwell-Dirac theory from the U(1) gauge symmetry.
The gauge transformation of the energy-momentum current is,
LG J˜Gσ =
1
2κ
εµνρσ
{
(LG
√−g)R˜µν∧dxρ +√−g(LGR˜µν)∧dxρ +
√−gR˜µν∧(LGdxρ)
}
σ
= −1
κ
(∂σf
ρ)G˜χρ(∗dxχ), (96)
LG J˜λσ =
1
3!κ
λεµνρσ
{(LG√−g) dxµνρ +√−gLG (dxµνρ)} σ= λ
κ
(∂σf
ρ)gρξ(∗dxξ), (97)
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where we set,
G˜ξη := −1
4
εµξρσR˜
µ
η∧dxρσ − 1
4
εµηρσR˜
µ
ξ∧dxρσ + 1
4
εµνρσR˜
µν∧dxρσgξη. (98)
We obtain LGJ˜σ = LG(J˜Gσ + J˜λσ ) σ= −
1
κ
(∂σf
ρ)(G˜ξρ − λgξρ)(∗dxξ). The energy-momentum
current is gauge invariant on the 4-dimensional submanifold σ satisfying the equation of
motion (87).
Einstein-scalar field theory
Here we will combine the Einstein’s general relativity and the scalar field theory. We will
use the Kawaguchi metric:
K =
1
4κ
εµνρσ
√−g gναR˜µα∧dxρσ − 1√−g
(dφ∧dxµνρ)(dφ∧dxµνρ)
2 · 3!dx0123 − V (φ)
√−gdx0123, (99)
where we have defined dxµνρ = gµαgνβgργdx
αβγ , and the cosmological term is absorbed in the
potential term V (φ). As in the previous discussion, the variables gµν and gµν just represent
coordinate functions and functions described by coordinate functions, respectively. The
variation of K now becomes,
δK =
√−g
2
{
−1
κ
G˜ξη + T˜
φ
ξη
}
δgξη + d
[
1
4κ
εµνρσ
√−ggνξδΓ˜µξ ∧ dxρσ
]
+ δΓ˜ µξ∧(σ∗ vanishing term)− d
[
(J˜Gξ + J˜
φ
ξ )δx
ξ
]
+
{
d(J˜Gξ + J˜
φ
ξ )
}
δxξ
− d
[
δφ
1√−g
dφ ∧ dxµνρ
3!dx0123
dxµνρ
]
+ δφ
{
d
(
1√−g
dφ ∧ dxµνρ
3!dx0123
dxµνρ
)
−√−gV ′dx0123
}
,
(100)
where we set,
T˜ φξη :=
(dφ∧dxξνρ)(dφ∧dxηνρ)
(−g)2!dx0123 +
{
−(dφ∧dxµνρ)(dφ∧dx
µνρ)
(−g)2 · 3!dx0123 + V (φ)
}
gξη, (101)
J˜φξ := −
1√−g
{
dφ∧dxµνξ
2!dx0123
dφ ∧ dxµν +
(
−(dφ∧dxµνρ)(dφ∧dx
µνρ)
2 · 3!(dx0123)2 + V (φ)
)
εαβγξ
3!
dxαβγ
}
.
(102)
The Euler-Lagrange equations are obtained as,
0 = −1
κ
G˜ξη + T˜
φ
ξη, (103)
0 = −√−gV ′dx0123 + d
(
1√−g
dφ∧dxµνρ
3!dx0123
dxµνρ
)
, (104)
0 = d
(
J˜Gξ + J˜
φ
ξ
)
. (105)
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Einstein-Maxwell field theory
The Einstein-Maxwell field theory is described by,
M = {(xµ, gµν , Aµ)} = {(za)} ≃ R18, K = KEinstein +KMaxwell, (106)
KEinstein =
1
4κ
√−gεµνρσ gναR˜µα∧dxρσ − λ
κ
√−g dx0123, (107)
KMaxwell =
1√−g
(F˜∧dxρσ)(F˜∧dxρσ)
4dx0123
, (dx0123 6= 0), (108)
where we have defined dxρσ = gραgσβdx
αβ . The Levi-Civita symbol is defined by ε0123 = 1
and ε0123 = −1. The variation of K becomes,
δK =
√−g
2
{
−1
κ
G˜ξη +
1
κ
λgξηdx
0123 + T˜EMξη
}
δgξη + d
[
1
4κ
√−gεµνρσgνξδΓ˜µξ ∧ dxρσ
]
+ δΓ˜µξ(σ
∗ vanishing term)− d
[
(J˜Gσ + J˜
λ
σ + J˜
M
σ + J˜
A
σ )δx
σ
]
+
{
d(J˜Gσ + J˜
λ
σ + J˜
M
σ + J˜
A
σ )
}
δxσ
+ d
[
δAµ
1√−g
F˜ ∧ dxρσ
2dx0123
dxρσµ
]
− δAµd
(
1√−g
F˜ ∧ dxρσ
2dx0123
dxρσµ
)
, (109)
where we set,
J˜Mσ :=
1√−g
{
F˜∧dxρσ
dx0123
F˜∧dxρ + εµνρσ (F˜∧dxαβ)(F˜∧dx
αβ)
4 · 3!(dx0123)2 dx
µνρ
}
, (110)
J˜Aσ :=
1√−g
F˜∧dxµν
2dx0123
dxµν∧dAσ, (111)
T˜EMξη :=
1
g
{
(F˜∧dxξσ)(F˜∧dxησ)
dx0123
− gξη (F˜∧dxρσ)(F˜∧dx
ρσ)
4dx0123
}
. (112)
The Euler-Lagrange equations become,
0 = d
(
J˜Gσ + J˜
λ
σ + J˜
M
σ + J˜
A
σ
)
, (113)
0 = −1
κ
G˜ξη +
1
κ
λgξηdx
0123 + T˜EMξη , (114)
0 = d
(
1√−g
F˜∧dxρσ
2dx0123
dxρσµ
)
. (115)
Since dx0123 6= 0 is assumed for KMaxwell, ∂(x
0, x1, x2, x3)
∂(s0, s1, s2, s3)
6= 0 is satisfied for any parameter-
isation σ(s). Therefore, the matrix
(
∂xµ
∂sα
)
is invertible. Thus, from (115),
0 = σ∗(s)d
(
1√−g
F˜∧dxρσ
2dx0123
dxρσ
)(
∂xµ
∂sα
)
∧dsα ⇒ 0 = σ∗(s)d
(
1√−g
F˜∧dxρσ
2dx0123
dxρσ
)
,
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and if σ is the 4-dimensional submanifold satisfying the Euler-Lagrange equations, we get,
σ∗J˜Aσ = d
{
σ∗
(
1√−g
F˜∧dxµν
2dx0123
dxµνAσ
)}
, (116)
which is the exact form. We obtain two conservation laws:
d
(
σ∗J˜Aσ
)
= 0,
d
(
σ∗J˜Gσ + σ
∗J˜λσ + σ
∗J˜Mσ
)
= 0. (117)
However, this happens due to the specific form of KMaxwell, and for more general model such
as Born-Infeld, such separation of conserved currents does not occur.
Einstein coupled to perfect fluid
Following the standard theory such as [6, 14], we construct the extended configuration
space for the perfect fluid under gravitational force as M = {(xµ, gµν , πµ, p)} with the
Kawaguchi metric
K = KEinstein +KP.F, KP.F. = (ρ+ p)
√−gdx0123 +
∫
δKp, (118)
δKp := pδ
(√−gdx0123)+ pd(− 1
3!
εµνρσ
√−gdxµνρ
)
δxσ, (119)
where KEinstein is given by (75) and the integral in (118) denotes a formal functional integral
such that gives (119) when taken the variation. The ρ and p are the usual energy density
and pressure density, but since we prefer to work with the variable πµ following [8], ρ is
rather defined by this co-vector field πµ by
(ρ+ p)
√−g :=√gµνπµπν . (120)
The commonly used 4-velocity field u is related to πµ by πµ =: (ρ+ p)
√−guµ. By this
definition, we automatically get gµνuµuν = 1.
The variation of πµ is defined as the following to satisfy the generalised Lin con-
straints [16],
δπµ = π
α∂δξµ
∂xα
− Γ˜ αµβδξαπβ +
√−ggαβδξβ ∂p
∂xα
uµ, π
µ := gµνπν , (121)
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Here the vectors δξ := δξµ
∂
∂xµ
, δξµ := gµνδξν represents the infinitesimal displacement of
the fluid element, which satisfies the relation:
δπµ = −(Lδξπ)µ, π := πµdxµ. (122)
We can now calculate the variation of KP.F. in terms of this δπµ, together with δx
µ and δgµν ,
δKP.F. =
∂
∂xα
{
(ρ+ p)
√−guαuµδξµ
}
dx0123
+ δξµ
[
gµν
∂p
∂xν
− 1√−g
∂
∂xα
{√−g (ρ+ p)uαuµ}− (ρ+ p) Γ˜ µαβuαuβ
]√−gdx0123
+
δgµν
2
{(ρ+ p) uµuν − pgµν}
√−gdx0123
+ d
{
1
3!
(ρ+ p)
√−gεµνρσdxµνρδxσ + 1
3!
p
√−gεµνρσdxµνρδxσ
}
−
[
dp∧
(
− 1
3!
√−gεµνρσdxµνρ
)
− d
{
− 1
3!
(ρ+ 3p)
√−gεµνρσdxµνρ
}]
δxσ. (123)
The Euler-Lagrangian equations pulled back by σ(x) is then,
dp∧Jgσ = d(JGσ + Jλσ + JP.F.σ ), (124)
0 = −1
κ
(Gµν − λgµν) + T P.F.µν , (125)
gµν
∂p
∂xν
=
1√−g
∂
∂xα
{√−g (ρ+ p)uαuµ}+ Γ µαβ (ρ+ p)uαuβ, (126)
where we set
JP.F.σ := −
1
3!
εµνρσ (ρ+ 3p)
√−gdxµνρ, Jgσ := −
1
3!
εµνρσ
√−gdxµνρ, (127)
T P.F.µν := (ρ+ p) uµuν − pgµν . (128)
The equation (126) can be rewritten as
gµν
∂p
∂xν
=
1√−g∂α
{√−g (ρ+ p)uαuµ} + Γ µαβ (ρ+ p)uαuβ (129)
= Γ λλα (ρ+ p) u
αuµ + ∂α {(ρ+ p)uα} uµ + (ρ+ p)
(
uα∂αu
µ + Γ µαβu
αuβ
)
(130)
= ∇α {(ρ+ p)uα} uµ + (ρ+ p)∇uuµ, (131)
and contracting with uµ, we get
uα
∂p
∂xα
= ∇α {(ρ+ p) uα} , (132)
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then, substituting back, we get the relativistic Euler equation for the perfect fluid,
(ρ+ p)∇uuµ = gµν ∂p
∂xν
− uν ∂p
∂xν
uµ. (133)
Actually, it is easy to check the pull back Euler-Lagrange equation (126) is equivalent to
∇µ(T P.F.)µν = 0.
In our framework, the energy-momentum relation (124) appears as a part of the Euler-
Lagrange equations. Here, JP.F.σ stands for the energy-momentum current of the fluid and
the left hand side dp∧Jgσ expresses its dissipation.Take the differentiation of JP.F.σ ,
dJP.F.σ = −
1
3!
εµνρσ
∂
∂xα
{
(ρ+ 3p)
√−g} dxαµνρ = − ∂
∂xσ
{
(ρ+ 3p)
√−g} dx0123
= −∂
√
gµνπµπν
∂xσ
dx0123 − 2∂(p
√−g)
∂xσ
dx0123
=
{
−π
µ∂σπµ +
1
2
∂σg
µνπµπν√
gαβπαπβ
− 2∂(p
√−g)
∂xσ
}
dx0123, (134)
then applying the Lin constraints (121) with δξµ = δµσ , we can rewrite the first term in (134),
∂σπµ = −πα(∂αgµσ) + Γσµβπβ −
√−g ∂p
∂xσ
uµ
= −πα(Γµσα + Γσµα) + Γσµβπβ −
√−g ∂p
∂xσ
uµ = −Γµσαπα −
√−g ∂p
∂xσ
uµ. (135)
The equation (134) becomes
dJP.F.σ =
{
2
√−gΓ µνσ (ρ+ p)uµuν +
√−g ∂p
∂xσ
− 2∂(
√−gp)
∂xσ
}
dx0123, (136)
and together with dp∧Jgσ = −
∂p
∂xσ
√−gdx0123,
−dp∧Jgσ + dJfσ = 2
√−gΓ µνσ {(ρ+ p)uµuν − pgµν} dx0123 = 2
√−gΓ µνσT P.F.µν dx0123. (137)
Finally, the Euler-Lagrange equation (124) turns out to be
0 = −dp∧Jgσ + d(JGσ + Jλσ + JP.F.σ ) = −2
√−gΓ µνσ
{
1
κ
(
Rµν − 1
2
rgµν − λgµν
)
− T P.F.µν
}
dx0123,
(138)
which is a generalisation of (90).
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Energy density of Schwarzschild spacetime
We will give an example of Schwarzchild spacetime for the energy current (88). In local
coordinate system (x0, x1, x2, x3) = (t, r, θ, ϕ), the Schwarzschild metric is given by,
ds2 =
(
1− rs
r
)
c2dt2 −
(
1− rs
r
)−1
dr2 − r2dθ2 − r2 sin2 θdϕ2, (139)
where rs = 2GM/c
2 is the Schwarzschild radius. Since there is a singularity at r = 0, we
used the distributional techniques to regularize 1/r following [1, 13],
1
r
:= lim
ǫ→0
1
(r2 + ǫ2)
1
2
,
(
1
r
)′
= lim
ǫ→0
−r
(r2 + ǫ2)
3
2
. (140)
Using the expression (88),
JG0 = −
1
2κ
2rsǫ
2
r2(r2 + ǫ2)
3
2
r2 sin θdr∧dθ∧dϕ, (141)
and taking the limit ε→ 0, we get,
JG0 = −
√−gMc2δ(3)(x)dx123, (142)
where we have used the following formulae [13],
rsǫ
2
r2(r2 + ǫ2)
3
2
−−→
ǫ→0
4πrsδ
(3)(x). (143)
The energy density (142) takes negative value, which is exactly cancelled out by the matter
energy density, Jmatter0 =
√−gMc2δ(3)(x)dx123, so that JG0 + Jmatter0 = 0 on-shell. This
vanishing energy density comes from our specific but gauge invariant definition of energy-
momentum current of gravity, given in (88) and (89).
Here we mention a relation of our energy-momentum currents of gravity (88) to those by
Dirac [8], where the calculation is carried out by first order formulation. For comparison,
we also calculate by first order in the Kawaguchi setting.
The first order Kawaguchi metric of general relativity is given by
K1st. = − 1
4κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρσ, (144)
and from K1st., the energy-momentum current is derived as
J˜1st.σ = d
(
1
2κ
εµνρσ
√−ggνξdxρ
)
∧Γ˜ µξ + 1
2κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρ.
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The derivation details are given in Appendix B. The energy current similarly calculated by
distributional technique becomes,
J1st.0 =
1
2κ
{
−2 + 2rsǫ
2
(r2 + ǫ2)
3
2
}
sin θdr∧dθ∧dϕ ǫ→0−→ − 1
κr2
dx123 +Mc2
√−gδ(3)(x)dx123.
(146)
Taking the integral over the t = 0 hypersurface, the first term gives a trivial divergence and
is neglected. The second term gives a positive value for energy, Mc2. However, since the
surface term is dropped in (144), this expression is essentially coordinate dependent. On
the other hand, our energy current of gravity (88) is gauge invariant and reparameterisation
invariant. Thus, it has a physical meaning (i.e. observable) of spacetime.
Palatini f(R) gravity
In general relativity, we found that the energy-momentum current is zero under the on-
shell conditions. This property holds even in other theories of gravity such as Palatini f(R)
gravity:
L = −
√−g
2κ
f(R), R = gνρRµνµρ, R
λ
µ =
1
2
Rλµνρdx
νρ = dΓ λµ + Γ
λ
ξ∧Γ ξµ, (147)
where the metric gµν and the linear connection Γ
λ
µ are independent. Namely, the metricity
condition (77) does not hold. We will assume the torsion-free connection and keep the last
two indices of Γ λµν symmetric as in [22]. The Kawaguchi metric is given by,
K = −
√−g
2κ
f
(
−εµνρσR˜
µν∧dxρσ
2dx0123
)
dx0123. (148)
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We obtain the variation of K as follows,
δK =
1
4κ
√−g
(
fgξηdx
0123 + f ′εµ(ξ|ρσR˜µ|η)∧dxρσ
)
δgξη
+ d
(
1
4κ
f ′εµνρσ
√−ggνξδΓ˜ µξ∧dxρσ
)
− 1
4κ
δΓ˜ µλτ
[
d
{√−gf ′εµνρσgν(λdxτ)ρσ}
+
√−gf ′
{
εµνρσg
νξΓ˜ (λξ∧dxτ)ρσ − εξνρσgν(λΓ˜ |ξ|µ∧dxτ)ρσ
}]
− d
[
1
2κ
[√−gεµνρσ
{
f ′R˜µν∧dxρ + 1
3!
(
f + f ′
εαβγδR˜
αβ∧dxγδ
2dx0123
)
dxµνρ
}
− 1
2
Γ˜ µλσ
{
d
(√−ggνλf ′εµνρτdxρτ)
+
√−gf ′
(
gνξΓ˜ λξηεµνρτ − gνλΓ˜ ξµηεξνρτ
)
dxηρτ
}]
δxσ
]
+ d
[
1
2κ
[√−gεµνρσ
{
f ′R˜µν∧dxρ + 1
3!
(
f + f ′
εαβγδR˜
αβ∧dxγδ
2dx0123
)
dxµνρ
}
− 1
2
Γ˜ µλσ
{
d
(√−ggνλf ′εµνρτdxρτ)
+
√−gf ′
(
gνξΓ˜ λξηεµνρτ − gνλΓ˜ ξµηεξνρτ
)
dxηρτ
}]]
δxσ, (149)
where the round brackets denotes symmetrisation: A(µν) = 1
2
(Aµν + Aνµ). The Euler-
Lagrange equations become,
0 = fgξηdx
0123 + f ′εµ(ξ|ρσR˜µ|η)∧dxρσ (150)
0 = d
{√−gf ′εµνρσgν(λdxτ)ρσ}
+
√−gf ′
{
εµνρσg
νξΓ˜ (λξ∧dxτ)ρσ − εξνρσgν(λΓ˜ |ξ|µ∧dx|τ)ρσ
}
(151)
0 = dJ˜f(R)σ , (152)
where J˜
f(R)
σ is the energy-momentum current of the Palatini f(R) gravity defined by,
J˜f(R)σ =
1
2κ
[√−gεµνρσ
{
f ′R˜µν∧dxρ + 1
3!
(
f + f ′
εαβγδR˜
αβ∧dxγδ
2dx0123
)
dxµνρ
}
− 1
2
Γ˜ µλσ
{
d
(√−ggνλf ′εµνρτdxρτ)
+
√−gf ′
(
gνξΓ˜ λξηεµνρτ − gνλΓ˜ ξµηεξνρτ
)
dxηρτ
}]
. (153)
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We recover the standard equations from the pull back of (150) and (151):
0 =
[
f ′(R)R(ξη) − 1
2
f(R)gξη
]
dx0123, (154)
0 =
[∇µ {√−gf ′gτλ}−∇ν {√−gf ′gν(λ} δτ)µ ] dx0123. (155)
The pull back of (153) becomes,
Jf(R)σ =
1
2κ
[
f ′(R) {Rξσ − Rgξσ − Rµννσgµξ} − gσξ {f(R)− f ′(R)R}
+
1√−gΓ
µ
λσ
{∇µ (√−ggνλf ′(R)) gνξ −∇ν (√−ggνλf ′(R)) gµξ}
]
(∗dxξ). (156)
As shown in [22], equation (155) can be reduced to
∇µ
{√−gf ′gτλ} = 0. (157)
It is equivalent to
∇µ
{√−hhτλ} = 0, (158)
with new metric hµν := f
′(R)gµν . The equation (158) is the metricity condition of hµν , and
it is solved as,
Γ λµν =
1
2
hλσ(∂µhνσ + ∂νhµσ − ∂σhµν). (159)
Therefore, we have the same symmetries for the curvature tensor as general relativity;
Rµνρσ = −Rνµρσ, etc. Consequently, (156) becomes
Jf(R)σ =
1
2κ
[
2f ′(R)Rξσ − f(R)gξσ
+
1√−gΓ
µ
λσ
{
∇µ
(√
−hhνλ
)
gνξ −∇ν
(√
−hhνλ
)
gµξ
}]
(∗dxξ) = 0, (160)
by the use of (154) and metricity derived from (155). The generator of gauge transformations
in this case is given by,
G =fµ ∂
∂xµ
+
(
∂fµ
∂xρ
gρν +
∂f ν
∂xρ
gµρ
)
∂
∂gµν
+
(
− ∂
2fλ
∂xµ∂xν
+
∂fλ
∂xρ
Γ ρµν − ∂f
ρ
∂xµ
Γ λρν − ∂f
ρ
∂xν
Γ λµρ
)
∂
∂Γ λµν
, (161)
The energy-momentum current (160) is invariant with respect to the above gauge trans-
formation. Despite its non-trivial appearance, the energy-momentum current of Palatini
gravity eventually vanishes as mentioned at the beginning of this section.
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VI. DISCUSSIONS
We have constructed the theory of reparameterisation invariant Lagrangian formulation
in the setting of Kawaguchi geometry, i.e. geometrisation of the variational principle for field
theories, and considered its application to several concrete models of field theory. In this
formulation, we have shown that the conservation law of the energy-momentum currents
appear as a part of the Euler-Lagrange equations. Mathematically, this result is due to the
fact that the Kawaguchi manifold is an extended configuration space including spacetime,
and therefore the spacetime coordinates becomes cyclic for the field theory that usually
does not have explicit dependency on spacetime coordinates. Physically, the Kawaguchi
Lagrangian formulation tells us that the conservation law of energy-momentum currents and
the conventional equations of motions are on equal level. For example, instead of considering
the Maxwell equations or Einstein’s field equations, we can start the same discussion by
choosing the conservation law. One particular advantage of this formulation is that we
were able to propose a new way of understanding the energy-momentum conservation law of
general relativity. As in the case of other conventional field theories, it is derived as a part of
Euler-Lagrange equations, as a result of existing cyclic coordinates. In the previous studies,
energy-momentum currents of general relativity was defined as a pseudo-tensor [3, 9, 15],
dependent only on the first order derivatives of gµν , but in our result, they are derived as
geometric quantities including second order derivatives of gµν . In Einstein theory, the energy-
momentum current of gravity becomes zero under on-shell condition: J˜µ
σ
= 0. However, it
has a property of on-shell gauge invariance, LG J˜µ σ= 0. There exists various definitions and
interpretations for energy-momentum current of gravity [7, 24]. While many of them do not
satisfy gauge-invariance, our definition is gauge-invariant and reparameterisation invariant.
Therefore, it is a physical observable in real spacetime, even if it vanishes.
The Lagrangian formulation using Finsler/Kawaguchi manifold also simplified the Noether’s
theorem. The symmetry of the system is exactly the symmetry of the Lagrangian, which
was the metric of Finsler/Kawaguchi manifold. And since our Finsler/Kawaguchi manifold
encapsulate both spacetime and fields equivalently, no fibered structure was required and
consequently the description of symmetries were simplified, namely, no distinction such as
inner and exterior symmetries were introduced. This is a notable calculational efficiency.
For the future developments, we propose that Kawaguchi-Lagrangian formulation is a good
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candidate to construct models such as irreversible process and system which shows a hystere-
sis, owing to the nature of Finsler and Kawaguchi geometry. Also, for Finsler-Lagrangian
case, change of time coordinate generates a non-perturbative transformation such that a
harmonic oscillator turns into a free particle [21]. Similarly, we expect that spacetime co-
ordinate change in Kawaguchi-Lagrangian formulation would offer us a non-perturbative
transformation for field theory.
In the standard formulation, there are mainly two approaches to deal with the field theory;
to consider the infinite dimensional configuration space and construct formal expressions,
or to consider finite dimensional configuration space with jet bundle structure. The first
expression is simple but concrete problems are difficult to handle, and the second is applicable
to concrete problems, but the structures and notations maybe sometimes difficult to handle
for physicists. Our formulation is in a sense, a mixture of both, which has the simplicity of
the former and the applicability of the latter. The actual calculations for concrete problems
are accessible for most physicists as we have shown in the examples, and we hope this
formulation could be helpful to understanding both past and future problems of physics.
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APPENDIX A
In the covariant Lagrangian formulation, we used frequently the sign
σ
=, which means the
equality on the 4-dimensional submanifold embedded in M .
With this symbol we mean,
A(x, dx)
σ
= B(x, dx) ⇔ σ∗A(x, dx) = σ∗B(x, dx), (162)
where A and B are the functions of xµ and dxµi1µi2 ···µik (1 ≤ k ≤ N) and dimM = N .
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It is related to the ambiguity of the notations such as dxµνρσ and dxαβγ∧d2xµνρσ. The
pull back of these quantities by parameterisation σ := σ(s) is defined by,
σ∗dxµνρσ =
∂(xµ, xν , xρ, xσ)
∂(s0, s1, s2, s3)
ds0123, (163)
σ∗dxαβγ∧d2xµνρσ =
∂
(
xα, xβ, xγ, ∂(x
µ,xν ,xρ,xσ)
∂(s0,s1,s2,s3)
)
∂(s0, s1, s2, s3)
(
ds0123
)2
. (164)
If we treat these variables always by its pull back as above, no ambiguity will enter in the
formulae. However, we also used them as first and second order differential forms on M .
For instance, Lie derivative LX is defined by,
LXdxµνρσ = (LXdxµ)∧dxνρσ − (LXdxν)∧dxµρσ + (LXdxρ)∧dxµνσ − (LXdxσ)∧dxµνρ
= dXµ∧dxνρσ − dXν∧dxµρσ + dXρ∧dxµνσ − dXσ∧dxµνρ. (165)
Namely, we considered dxµνρσ as a 4-form on M , rather than the coordinate function on
Λ4TM . The meaning of the higher order differential form is not something new but no-
tational. As we treat dxµνρσ as 4-form (first order) on M , it acts on a 4-vector field
v = 1
4!
vαβγδ ∂
∂xα
∧ ∂
∂xβ
∧ ∂
∂xγ
∧ ∂
∂xδ
over M , which we define its action as,
dxµνρσ(v) := vµνρσ, (166)
and we define the notation of the second order differential form dxαβγ∧d2xµνρσ by a recursive
action of this first order form,
dxαβγ∧d2xµνρσ(v) = {dxαβγ∧d (dxµνρσ(v))} (v)
= dxαβγ∧dvµνρσ(v) = vαβγτ ∂v
µνρσ
∂xτ
. (167)
Such operation allows us to simplify the calculation (such as taking the variation of the
Kawaguchi metric) by using the standard computation technique of exterior and Lie deriva-
tive, without being aware of further details such as the background mathematical structures.
While given the 4-dimensional submanifold, a 4-vector field could be defined as an oriented
surface element on each points of M , the converse is not always true. This problem of the
integrability of the vector field is the source of the ambiguity. Namely, the formula (such
as K, LXK) expressed by variables on M , when pulled back to the 4-dimensional integral
submanifold, may give the same value for different expressions. For example, there are
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identities such as,
σ∗dxαβγ[δdxµνρσ] = 0,
σ∗dxαβ[γ∧d2xµνρσ] = 0. (168)
Nevertheless, variational principle is given by the pull back equation, σ∗δK = 0, which as
we mentioned previously, does not include such ambiguity, and knowing that this pull back
by σ removes the ambiguity, we can safely use the symbol
σ
= to indicate the equivalence
implied under the relation (168).
APPENDIX B
In this appendix, we will derive the first order energy momentum current (145) from the
first order Kawaguchi metric of general relativity (144),
K1st. = − 1
4κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρσ.
The variation of K1st. with respect to x
µ, δxK1st., is calculated as follows:
δxK1st. =− 1
4κ
{
ελνρσ
√−ggνξδ
(
Γ˜ λµ
)
− εµνρσ
√−ggνλδ
(
Γ˜ ξλ
)}
∧dxρσ∧Γ˜ µξ
− 1
4κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧δ (dxρσ)
=− 1
4κ
εµνρσd
(√−ggνξ)∧δ (dxρσ)∧Γ˜ µξ
+
1
4κ
(
ελνρσ
√−ggνξΓ˜ λµ − εµνρσ
√−ggνλΓ˜ ξλ
)
∧δ (dxρσ)∧Γ˜ µξ
− 1
4κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧δ (dxρσ)
=d
{
1
2κ
εµνρσd
(√−ggνξ)∧Γ˜ µξ∧dxρδxσ − 1
2κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρδxσ
}
+ d
{
− 1
2κ
εµνρσd
(√−ggνξ)∧Γ˜ µξ∧dxρ + 1
2κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρ
}
δxσ.
(169)
For the second equality, we used the variation of the relation (82), i.e.,
εµνρσd
(√−ggνξ)∧δ (dxρσ) σ={ελνρσ√−ggνξδ (Γ˜ λµ)− εµνρσ√−ggνλδ (Γ˜ ξλ)}∧dxρσ
+
(
ελνρσ
√−ggνξΓ˜ λµ − εµνρσ
√−ggνλΓ˜ ξλ
)
∧δ (dxρσ) . (170)
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Then we have the first order energy momentum current (145)
J˜1st.σ = d
(
1
2κ
εµνρσ
√−ggνξdxρ
)
∧Γ˜ µξ + 1
2κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρ.
The consistency with the second order energy momentum current (88) can be also checked
by,
J˜Gσ =
1
2κ
εµνρσ
√−ggνξR˜µξ∧dxρ
=d
{
1
2κ
εµνρσ
√−ggνξΓ˜ µξ∧dxρ
}
− d
(
1
2κ
εµνρσ
√−ggνξ
)
∧Γ˜ µξ∧dxρ
+
1
2κ
εµνρσ
√−ggνξΓ˜ µλ∧Γ˜ λξ∧dxρ
=J˜1st.σ + d
{
1
2κ
εµνρσ
√−ggνξΓ˜ µξ∧dxρ
}
. (171)
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